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Abstract
Using Floer-theoreticmethods, we prove that the non-existence of
an exotic symplectomorphism on the standard symplectic ball, B2n,
implies a rather strict topological condition on the free contact circle
actions on the standard contact sphere, S2n−1.We also prove an ana-
logue for a Liouville domain and contact circle actions on its bound-
ary. Applications include results on the symplectic mapping class
group, the fundamental group of the group of contactomorphisms,
and exotic contact structures on S3.
1 Introduction
A well-known open problem in symplectic topology is that of the exis-
tence of the so-called exotic symplectomorphisms on the standard 2n-
dimensional symplectic ball, B2n. A compactly supported symplectomor-
phism B2n → B2n is called exotic if it is not isotopic to the identity relative
to the boundary through symplectomorphisms. Apart from the cases for
n = 1 and n = 2 (where the topology of the group of compactly supported
symplectomorphisms B2n → B2n is well understood due to Gromov’s
theory of J-holomorphic curves [11]) very little is known about exotic sym-
plectomorphisms of B2n. For instance, it is an open problem whether an
exotic diffeomorphism of B2n can be realized as a symplectomorphism
with respect to the standard symplectic structure on B2n (compare to [4]
where such a realization is constructed in the case of a non-standard sym-
plectic structure on a ball). In other words, it is not known whether the
problemof the existence of the exotic symplectomorphisms on the standard
symplectic ball can be solved in the framework of differential topology.
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On the other hand, there are numerous results regarding exotic sym-
plectomorphisms on other symplectic manifolds [18, 19, 5, 17, 6, 21, 20,
22, 2, 23]. The most notable is work of Seidel [18] who constructed the
first known example of a symplectomorphism that is smoothly isotopic to
the identity but not symplectically, thus proving that exotic symplectomor-
phisms are genuinely symplectic phenomenon.
In the present paper, we prove that non-existence of an exotic sym-
plectomorphism on the standard B2n implies a rather strict topological
condition on the free contact circle actions on its boundary (i.e. the stan-
dard contact sphere S2n−1). We call this condition topological symmetry.
It is expressed in terms of the reduced homology of the part of S2n−1 on
which the circle action is positively transverse to the contact distribution.
Definition 1.1. Let ξ be a cooriented contact distribution on S2n−1, and let
ϕt : (S
2n−1, ξ) → (S2n−1, ξ) be a free contact circle action. Denote by Y
the vector field that generates ϕt, and by P ⊂ S2n−1 the set of points in
S2n−1 at which the vector field Y represents the positive coorientation of ξ.
The contact circle actionϕ is said to be topologically symmetric if there exists
m ∈ Z such that
dim H˜m−k(P;Z2) = dim H˜k(P;Z2)
for all k ∈ Z.
Theorem 1.2. For all n ∈ N, at least one of the following statements is true.
A There exists an exotic symplectomorphism of B2n .
B Every free contact circle action on S2n−1 is topologically symmetric.
In fact, we prove a more general statement about exotic symplectomor-
phisms of Liouville domains and contact circle actions on their bound-
aries (see Theorem 5.2). A consequence of this more general result is that
topologically asymmetric free contact circle actions represent nontrivial
elements in the fundamental group of the group of contactomorphisms
(for a precise statement see Corollary 5.3 below).
Theorem 1.2 implies directly that every free contact circle action on the
standard S3 is topologically symmetric. There are, however, free contact
circle actions on a non-standard S3 that are not topologically symmetric.
One way to obtain them is by the fibered connected sum of two contact
circle actions on the standard S3 along two fibres. Actually, the very fact
that topologically asymmetric contact circle action is obtained proves that
the fibered connected sum of the standard S3 with itself is a non-standard
S3.
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Theorem1.3. LetS3 ⊂ C2 be the standard contact sphere, and let Γ := {(e2piit, 0) ⊂
C2 | t ∈ R}. Then, the fibered connected sum of the sphere S3 with itself along Γ
is an exotic contact sphere (i.e. it is diffeomorphic but not contactomorphic to the
standard contact sphere).
In [8], Eliashberg classified the contact structures on S3 and proved
that there exist one tight contact structure (the standard one) and infinitely
many overtwisted contact structures on S3. The overtwisted contact struc-
tures can be topologically distinguished. In fact, for every 2-plane dis-
tribution on S3 there exists a unique overtwisted contact structure that
is homotopic to it. The standard contact structure, ξst, on S3, however,
cannot be topologically distinguished from overtwisted contact structures.
Namely, there exists an overtwisted contact structure, ξot, on S3 that is
homotopic to ξst. The fibre connected sum from Theorem 1.3 does not
change the homotopy type of the contact distribution. Therefore, in the
view of the result of Eliashberg [8], Theorem 1.3 actually proves that(
S
3, ξst
)
#
Γ,Γ
(
S
3, ξst
)
is contactomorphic to
(
S3, ξot
)
.
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2 Preliminaries
2.1 Notation and conventions
Let (W,ω) be a symplectic manifold. The Hamiltonian vector field, XHt ,
of the Hamiltonian Ht : W → R is the vector field on W defined by
ω(XHt , ·) = dHt.We denote by φ
H
t : W → W the Hamiltonian isotopy of
the Hamiltonian Ht :W → R, i.e. ∂tφHt = XHt ◦ φ
H
t and φ
H
0 = id .
Let Σ be a contact manifold with a contact form α.We denote by ϕht :
Σ→ Σ the contact isotopy furnished by a contact Hamiltonian ht : Σ→ R .
In our conventions, the vector field Y of the isotopy ϕht and the contact
Hamiltonian h are related by h = −α(Y).
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2.2 Liouville domains
Definition 2.1. ALiouville domain is a compact manifoldW together with
a 1-form λ such that the following holds.
• The 2-form dλ is a symplectic form onW.
• The restriction of λ to the boundary ∂W is a contact form that induces
the boundary orientation on ∂W.
A part of the symplectization of ∂W naturally embeds into W. More
precisely, there exists a unique embedding ι : ∂W × (0, 1] → W such that
ι(x, 1) = x, and such that ι∗λ = r ·α.Here, r is the (0, 1] coordinate function
andα := λ|∂W is the contact formonW.The completion, Ŵ, of the Liouville
domainW is obtained by gluingW and ∂W× (0,∞) via ι. The setsW and
∂W × (0,∞) can be seen as subsets of the completion, Ŵ. The manifold Ŵ
is an exact symplectic manifold with a Liouville form given by
λ̂ :=
{
λ onW,
r · λ on ∂W × (0,∞).
With a slight abuse of notation, we will write λ instead of λ̂.
2.3 A homotopy long exact sequence
In this section, we describe a construction that is due to Biran and Giroux
[3]. Given a Liouville domain (W,λ).Denote by Σ the manifold ∂W, and by
α the contact form λ|∂W on Σ.Denote by ContΣ, SympcW, Symp(W,λ/d),
and Symp
c
(W,λ/d) the following groups of diffeomorphisms. ContΣ is
the group of contactomorphisms of (Σ, kerα), SympcW is the group of
symplectomorphisms of (W,dλ) that are equal to the identity in a neigh-
bourhood of the boundary. Symp(W,λ/d) is the group of so-called ex-
act symplectomorphisms of (Ŵ, dλ) that preserve the Liouville form λ in
Σ×[1,∞).More precisely, a symplectomorphismφ : Ŵ → Ŵ is an element
of Symp(W,λ/d) if, and only if, there exists a smooth function F : Ŵ → R
such that F|Σ×[1−ε,∞) ≡ 0, for some ε > 0, and such that φ∗λ − λ = dF.
Symp
c
(W,λ/d) is the group of all symplectomorphisms in Symp(W,λ/d)
that are equal to the identity on Σ× (1− ε,∞) for some ε > 0.
Since a symplectomorphism φ ∈ Symp(W,λ/d) preserves the Liouville
form λ on the cylindrical end Σ× [1,∞), there exists a contactomorphism
ϕ : Σ→ Σ such that φ has the following form on the cylindrical end
φ(x, r) = (ϕ(x), ?) ∈ Σ× (0,∞)
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for all (x, r) ∈ Σ × [1,∞). The map Symp(W,λ/d) → ContΣ defined by
φ 7→ ϕ is called the ideal restriction map. It turns out that the ideal
restriction map is a Serre fibration with the fibre above the identity equal
to Sympc(W,λ/d). Hence there is a homotopy long exact sequence
· · · pik Sympc(W,λ/d) pik Symp(W,λ/d) pikContΣ
pik−1 Sympc(W,λ/d) · · · .
The groups Sympc(W,λ/d) and SympcW are homotopy equivalent [3] (see
also [22, Lemma 3.3]). Therefore, there is a homotopy long exact sequence
· · · pik SympcW pik Symp(W,λ/d) pikContΣ
pik−1 SympcW · · · .
Particularly important in this paper is the boundary map
Θ : pi1ContΣ→ pi0 SympcW
from the exact sequence above. The map Θ can be described as follows.
Given a loop
ϕ : S1 → ContΣ : t 7→ ϕt.
Let ht : Σ → R be a contact Hamiltonian that generates it. Choose a
Hamiltonian Ht : Ŵ → R such that
Ht(x, r) = r · ht(x) for (x, r) ∈ Σ× (1− ε,∞)
for some ε > 0. Then Θ([ϕ]) =
[
φH1
]
.
2.4 Floer theory
The Floer homology that is utilized in this paper is the Floer homology
for contact Hamiltonians. It has been introduced by Merry and the second
author in [15] as a consequence of a generalized no-escape lemma. Our
results, however, use only the case of strict contact Hamiltonians, the case
considered already in [16], [9] and [22].
The Floer homology for a contact Hamiltonian, HF∗(h), is associated
to a contact Hamiltonian h : ∂W × S1 → R defined on the boundary of a
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Liouville domainW such that the time-one map of h has no fixed points.
By definition, HF∗(h) is equal to the Hamiltonian loop Floer homology for
a Hamiltonian H : Ŵ × S1 → R such that Ht(x, r) = r · ht(x) whenever
(x, r) ∈ ∂W × [1,∞).
2.4.1 Floer data
To defineHF∗(h), one has to choose auxiliary data consisting of a Hamilto-
nianH : Ŵ×S1 → R and an S1 family {Jt}t∈S1 of almost complex structures
on Ŵ that satisfy the following conditions.
1. Conditions on the cylindrical end.
• Ht(x, r) = r · ht(x), for (x, r) ∈ ∂W × [1,∞),
• dr ◦ Jt = −λ, inW × [1,∞).
2. Non-degeneracy. For each fixed point x of φH1 : Ŵ → Ŵ,
det
(
dφH1 (x) − id
)
6= 0.
3. dλ-compatibility. dλ(·, Jt·) is an S1 family of Riemannian metrics on
Ŵ.
4. Regularity. The linearized operator of the Floer equation
u : R×S1 → Ŵ,
∂su+ Jt(u)(∂tu− XHt(u)) = 0
is surjective.
2.4.2 Floer complex
The Floer complex, CF(H, J), is generated by the contractible 1-periodic
orbits of Hamiltonian H. I.e.
CFk(H, J) :=
⊕
degγ=k
Z2 〈γ〉 ,
where the sum goes through the set of all contractible 1-periodic orbits ofH
that have the degree equal tok.The degree, degγ, is defined as the negative
Conley-Zehnder index of the path of symplectic matrices obtained from
dφHt (γ(0)) by trivializing TŴ along a disk that bounds γ. Due to different
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choices of the disk that bounds γ, degγ is only defined up to a multiple of
2N,where
N := min
{
c1(u) > 0 | u : S
2 → Ŵ
}
is the minimal Chern number. Hence we see degγ as an element of
Z2N, and the Floer complex CF∗(H, J) is Z2N graded. The differential
∂ : CFk+1(H, J) → CFk(H, J) is defined by counting the isolated un-
parametrized solutions of the Floer equation. More precisely,
∂ 〈γ〉 =
∑
n(γ, γ˜) 〈γ˜〉 ,
where n(γ, γ˜) is the number modulo 2 of the isolated unparametrized
solutions u : R× S1 → Ŵ of the following problem
∂su+ Jt(u)(∂tu− XHt(u)) = 0,
lim
s→−∞u(s, t) = γ(t),
lim
s→+∞u(s, t) = γ˜(t).
Note that, if deg γ˜ 6= degγ− 1, then there are no isolated unparametrized
solutions of the Floer equation from γ to γ˜.Hence, in this case, n(γ, γ˜) = 0,
and ∂ is well defined. The Floer homology, HF∗(H, J), is the homology of
the Floer complex CF∗(H, J).
2.4.3 Continuation maps
Given Floer data (H−, J−) and (H+, J+). Continuation data from (H−, J−)
to (H+, J+) consists of a (s-dependent) Hamiltonian H : Ŵ × R×S1 → R
and a family {Js,t}(s,t)∈R×S1 of almost complex structures on Ŵ such that
1. there exists a smooth function h : ∂W × R×S1 → R that is non-
decreasing in R-variable and such that
Hs,t(x, r) := H((x, r), s, t) = r · h(x, s, t) =: r · hs,t(x)
for all (x, r) ∈ ∂W × [1,∞),
2. dr ◦ Js,t = −λ in ∂W × [1,∞), for all (s, t) ∈ R×S1,
3. dλ(·, Js,t·) is a Riemannian metric on Ŵ for all (s, t) ∈ R×S1,
4. (Hs,t, Js,t) = (H±t , J
±
t ) for ±s >> 0.
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Let γ− be a 1-periodic orbit of H−, and let γ+ be a 1-periodic orbit of
H+. For generic continuation data (Hs,t, Js,t) from (H−, J−) to (H+, J+), the
set of the solutions u : R×S1 → Ŵ of the problem
∂su+ Js,t(u)(∂tu− XHs,t(u)) = 0,
lim
s→±∞u(s, t) = γ±(t)
is a finite union of compactmanifolds (possibly of different dimensions) cut
out transversely by the Floer equation. Denote by n(γ−, γ+) the number
of its 0-dimensional components. The continuation map
Φ = Φ({Hs,t}, {Js,t}) : CF∗(H
−, J−)→ CF∗(H
+, J+)
is the linear map defined on the generators by
Φ(γ−) :=
∑
γ+
n(γ−, γ+) 〈γ+〉 .
Since there are no 0-dimensional components of the abovementionedman-
ifold if degγ− 6= degγ+, continuation maps preserve the grading. By
Condition 1 for continuation data, continuation maps
CF∗(H
−, J−)→ CF∗(H
+, J+)
are defined only ifH− 6 H+ on the cylindrical end ∂W×[1,∞).The contin-
uation maps CF∗(H−, J−) → CF∗(H+, J+) defined with respect to different
continuation data form (H−, J−) to (H+, J+) are chain homotopic. Hence
they induce the same map HF∗(H−, J−) → HF∗(H+, J+) on the homology
level. The inducedmap is also called the continuation map. As opposed to
the compact case, the continuation maps need not be isomorphisms. They
do, however, satisfy the following relations.
1. The continuation map Φαα : HF∗(H
α, Jα) → HF∗(H
α, Jα) is equal to
the identity.
2. The composition of the continuation maps
Φβα : HF∗(H
α, Jα)→ HF∗(H
β, Jβ)
and
Φγβ : HF∗(H
β, Jβ)→ HF∗(H
γ, Jγ)
is equal to the continuation map
Φγα : HF∗(H
α, Jα)→ HF∗(H
γ, Jγ),
i.e. Φγβ ◦Φ
β
α = Φ
γ
α.
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In otherwords, the family of groups {HF∗(H, J)} togetherwith the continua-
tion maps form a directed system of groups. As a consequence, the groups
HF∗(H
α, Jα) and HF∗(Hβ, Jβ) are canonically isomorphic if Hα = Hβ on
∂W × [1,∞). Therefore, the group HF∗(h), where h : ∂W × S1 → R is a
1-periodic contact Hamiltonian whose time-1 map has no fixed points, is
well defined. Moreover, if hα, hβ : ∂W×S1 → R are two 1-periodic contact
Hamiltonians whose time-1 maps have no fixed points and such that hα 6
hβ, then there is a well defined continuation map HF∗(hα)→ HF∗(hβ).
2.4.4 Naturality isomorphisms
Let H, F be Hamiltonians, denote by H and H#F the Hamiltonians that
generate Hamiltonian isotopies
(
φHt
)−1
and φHt ◦ φ
F
t , respectively. The
naturality isomorphism
N(F) : HF(H)→ HF(H#F)
is associated to a 1-periodic Hamiltonian F : Ŵ × S1 → R whose Hamil-
tonian isotopy is 1-periodic (i.e. F generates a loop of Hamiltonian diffeo-
morphisms). On the chain level, on generators, the map N(F) is defined
by
〈γ〉 7→
〈
(φF)∗γ
〉
,
where (φF)∗γ : S1 → Ŵ is the loop t 7→ (φFt)
−1(γ(t)).Naturality map is an
isomorphism already on the chain level. The naturality isomorphisms do
not preserve the grading in general. They do respect the grading up to a
uniform shift though.
3 Topologically symmetric contact circle actions
A contact circle action is a Lie group action of S1 on a contact manifold by
contactomorphisms. A contact circle action onΣ can be seen as a 1-periodic
family ϕt : Σ → Σ, t ∈ R of contactomorphisms that is furnished by an
autonomous vector field on Σ.
Definition 3.1. Let ϕt : Σ → Σ be a contact circle action on a (cooriented)
contact manifold (Σ, ξ) that is the boundary of a Liouville domainW with
c1(W) = 0. Let h : Σ → R be the contact Hamiltonian that generates ϕt
defined with respect to some contact form on Σ. Denote
Σ+ := {p ∈ Σ | h(x) > 0} .
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The contact circle action ϕt is called topologically symmetric (with respect to
the fillingW) if there exists an integerm ∈ Z such that
(∀k ∈ Z) dimHm−k(W,Σ+;Z2) = dimHk(W,Σ+;Z2).
Here, Hk(W,Σ+;Z2) stands for the singular homology of the pair (W,Σ+)
in Z2 coefficients. The set Σ+ is referred to as the positive region of the
contact circle action ϕ. Similarly, the negative region of the contact circle
action ϕ is the set
Σ− := {p ∈ Σ | h(x) < 0} .
The set Σ+ in the definition above (and consequently the notion of
the topologically symmetric contact circle action) does not depend on the
choice of the contact form on Σ, although h does. Namely, Σ+ can be
defined as the set of all points p ∈ Σ such that the vector field of ϕt at
the point p points transversely in the negative direction of the contact
distribution ξ at the point p.
Remark 3.2. In the situation of Definition 3.1, [12, Theorem 3.43] implies
that by replacing Σ+ by Σ− in the definition one obtains an equivalent
definition. More precisely, the contact circle action ϕ is topologically sym-
metric with respect toW if, and only if, there existsm ∈ Z such that
dimHm−k(W,Σ−;Z2) = dimHk(W,Σ−;Z2),
for all k ∈ Z.
Lemma 3.3. Let ϕt : Σ → Σ be a contact circle action on a cooriented contact
manifold Σ. Then, there exists a contact form α on Σ such that ϕ∗tα = α for all
t ∈ R .
Proof. The lemma is a direct consequence of Proposition 2.8 in [14].
Lemma 3.4. Letϕt : Σ→ Σ be a free contact circle action on a (cooriented) contact
manifold Σ, and let α be a contact form on Σ that is invariant under ϕt. Denote
by h : Σ→ R the contact Hamiltonian of ϕt defined with respect to α. Then, 0 is
a regular value of the function h.
Proof. Let Y be the vector field on Σ that generates ϕt, i.e. ∂tϕt = Y ◦ ϕt.
Then, by definition of a contact Hamiltonian, h = −α(Y). The Cartan
formula (together with the invariance of α under ϕt) implies
0 =
d
dt
(ϕ∗tα) = ϕ
∗
t (dα(Y, ·) + d(α(Y))) .
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Hence dh = dα(Y, ·). If p ∈ h−1(0), then Y(p) ∈ kerαp is a non-zero vector
that belongs to the contact distribution. (It is non-zero because the circle
action ϕt is a free action.) Since dα is non-degenerate when restricted to
the contact distribution, the 1-form dh(p) = dα(Y(p), ·) is non-degenerate.
Therefore, p ∈ h−1(0) cannot be a critical point of h, i.e. 0 is a regular value
of h.
4 Morse theory
Proposition 4.1. LetW be a Liouville domain with the boundary Σ := ∂W, and
let h : Σ → R be a contact Hamiltonian such that 0 is a regular value of h, and
such that h has no periodic orbits of period less than or equal to ε, for some ε > 0.
Denote
Σ− := {x ∈ Σ | h(x) < 0} ,
Σ+ := {x ∈ Σ | h(x) > 0} .
Then,
dimHFk(εh) = dimHk+n(W,Σ+;Z2),
dimHFk(−εh) = dimHk+n(W,Σ−;Z2).
Proof. Since the contact Hamiltonian h has no orbits of period in (0, 1), it
is enough to prove the proposition for ε > 0 small enough.
Step 1 (Passing to the Morse homology). Let H : Ŵ → R be a Morse
function such that H(x, r) = h(x) · r for (x, r) ∈ Σ× [1,∞). For ε > 0 small
enough, there exists an almost complex structure J on Ŵ such that (ε ·H, J)
is Floer data for ε · h and such that the pair (H, JXH) is Morse-Smale [1,
Chapter 10] (note that we are using different conventions from [1], namely
we define XH as the vector field that satisfies dH = dλ(XH, ·)). Moreover,
CF∗(ε ·H, J) = CM∗+n(ε ·H, JXH),
where CM∗ stands for the Morse complex. Consequently,
dimHFk(εh) = dimHMk+n(ε ·H, JXH),
where HM∗ is the Morse homology.
Step 2 (Extending the Liouville domain). Let
M := max{ε ·H(p) | p ∈ CritH},
m := min{ε ·H(p) | p ∈ CritH}.
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In this step, we prove that there exists an extension
W(R) := Ŵ \ Σ× (R,∞)
of the Liouville domain W such that the critical values of ε ·H|∂W(R) do
not lie in the interval [m,M]. Since 0 is a regular value of ε · h and since
the domain of ε · h, Σ, is compact, there exists δ > 0 such that ε · h has
no critical values in (−δ, δ). A point p ∈ Σ is a critical point of ε · h if,
and only if, (p, R) ∈ ∂W(R) = Σ × {R} is a critical point of ε ·H|∂W(R) .
Hence ε ·H|∂W(R) has no critical values in (−δR, δR). If R is big enough,
then [m,M] ⊂ (−δR, δR).
Step 3 (Constructing the double manifold). In this step, we construct
a closed manifold (not necessarily symplectic), M, by gluing two copies
of W(R) along the boundary. Denote by WA and WB those two copies.
Explicitly,
M := (WA ⊔ Σ× R⊔WB)/ ∼,
where ∼ stands for the following identifications
WA ⊃ Σ× (0, R]→ Σ× R : (x, r) 7→
(
x, log
( r
R
))
,
WB ⊃ Σ× (0, R]→ Σ× R : (x, r) 7→
(
x,− log
( r
R
))
.
Let χ : R → R− be a smooth concave function such that χ(s) = s for
s 6 log
(
R−1
R
)
, χ(s) = −s for s > − log
(
R−1
R
)
, and such that χ has a
unique maximum at s = 0. Denote by F :M→ R the function defined by
F(p) :=


ε ·H(p) for p ∈W(R− 1) ⊂WA,
R · eχ(s) · ε · h(y) for (y, s) ∈ Σ× R,
ε ·H(p) for p ∈W(R− 1) ⊂WB.
The function F is obtained by smoothing out the function on M that is
equal to ε ·H on bothWA andWB.
Step 4 (Truncated double manifold). There are three types of critical
points of the function F : the critical points ofH inWA, the critical points of
H inWB, and the critical points on Σ× {0} ⊂ Σ× R that correspond to the
critical points of h : Σ → R . As explained in Step 2, for R > 0 big enough,
the critical points of the third type have values outside the interval [m,M].
In fact, one can choose R big enough so that the critical points of the third
type have values outside an interval [K, L] ⊃ [m,M]where K and L satisfy
F−1(K), F−1(L) ⊂ Σ× R ⊂M.
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Then, K and L are regular values of F and the only critical points of F in
F−1([K, L]) are the ones of type 1 and type 2. Note that these critical points
are nondegenerate. Hence F−1([K, L]) is a manifold with boundary whose
boundary components are regular level sets of F, and F is a Morse function
on F−1([K, L]).DenoteMT := F−1([K, L]).
Step 5 (No crossing). Let g be a Riemannian metric on M such that
g = dλ(·, J·) on bothW(R/2) ⊂WA andW(R/2) ⊂WB. Let X = ∇F,where
∇ is the gradientwith respect to g. In particular, ifR > 2, X is equal to ε·JXH
on bothW(R/2) ⊂ WA andW(R/2) ⊂ WB. In this step, we prove that for
R large enough, there are no integral curves of X that connect two critical
points of F in MT and intersect the submanifold Σ × {0} ⊂ Σ × R ⊂ M.
This eliminates the integral curves of X that connect a critical point of F in
WA with a critical point of F inWB, and also the integral curves of X that
connect two critical points of F inWA (orWB) but at some point leaveWA
(WB respectively).
Assume there exists an integral curve γ : R → M of X such that γ
connects two critical points of F in MT and such that it is not contained
in one of the regions WA and WB. Without loss of generality assume
limt→−∞ γ(t) ∈ WA. Then, for R > 2, there exists an interval [a, b] ⊂ R
such that γ(a) ∈ Σ× {1} ⊂WA and γ(b) ∈ Σ× {R/2} ⊂WA. Since
M−m > F( lim
t→+∞γ(t)) − F( limt→−∞γ(t))
=
∫+∞
−∞ dF(γ˙(t))dt
=
∫+∞
−∞ g (∇F(γ(t)), γ˙(t))dt
=
∫+∞
−∞ g (X(γ(t)), X(γ(t)))dt
>
∫b
a
g(ε · JXH(γ(t)), ε · JXH(γ(t)))dt
= ε2 ·
∫b
a
g(XH(γ(t)), XH(γ(t)))dt
> ε2 · (b− a) ·min
{
‖XH(p)‖
2
g | p ∈ Σ×
[
1,
R
2
]}
,
we have
b− a 6
M−m
ε2 ·min
{
‖XH(p)‖
2
g | p ∈ Σ×
[
1, R
2
]} .
Since h is a strict contact Hamiltonian, the vector XH(x, r) is independent
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of r.Hence
min
{
‖XH(p)‖
2
g | p ∈ Σ×
[
1,
R
2
]}
= min
p∈Σ×{1}
‖XH(p)‖
2
g ,
and, consequently, b − a < C, where C ∈ R+ is a constant that does not
depend on R. The vector field ∂r is orthogonal (with respect to g) to Σ× {r}
for each r ∈
[
1, R
2
]
, and ‖∂r‖g = 1. Therefore,
‖γ˙(t)‖
2
g >
∣∣∣∣ ddt
(
r(γ(t))
)∣∣∣∣2 .
Consequently,
M−m >
∫b
a
‖γ˙(t)‖
2
g dt
>
∫b
a
∣∣∣∣ ddt
(
r(γ(t))
)∣∣∣∣2 dt
>
1
b− a
·
∫b
a
∣∣∣∣ ddt
(
r(γ(t))
)∣∣∣∣dt
>
1
b− a
· |r(γ(b)) − r(γ(a))|
>
1
C
·
(
R
2
− 1
)
.
This, however, cannot be possible for R big enough. In other words, for R
big enough, there are no integral curves ofX that cross Σ×{0} ⊂ Σ×R ⊂M
and connect critical points of F inMT . In fact, we proved that such integral
curves are all contained in either W(R/2) ⊂ WA or W(R/2) ⊂ WB. As a
consequence, F and X satisfy the Smale condition inMT , and
CM∗(F, X) = CM∗(ε ·H, ε · JXH)⊕ CM∗(ε ·H, ε · JXH).
Hence
2dimHFk(ε · h) = dimHMk+n(F, X).
Denote by ∂+MT the part of the boundary ∂MT on which the vector field
X points inwards. Similarly, denote ∂−MT := ∂Mt \ ∂+MT , i.e. ∂−MT is
the part of the boundary ∂MT on which the vector field X points outwards.
Since the boundary components of the manifoldMT are regular level sets
of F, the Morse homology of F :MT → R can be expressed as the singular
homology of a pair (see, for instance, [13, Theorem 3.9])
HM∗(F, X) ∼= H∗(MT , ∂
−MT ).
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Step 6 (Mayer-Vietoris long exact sequence). Denote VA := WA ∩MT ,
VB :=WB ∩MT , UA := ∂
−MT ∩WA, and UB := ∂−MT ∩WB. The relative
form of the Mayer-Vietoris long exact sequence implies
...
Hk(VA ∩ VB, UA ∩UB) Hk−1(VA ∩ VB, UA ∩UB)
Hk(VA, UA)⊕Hk(VB, UB)
...
Hk(MT , ∂
−MT )
The function F|VA∩VB is a Morse function that has no critical points.
Hence VA ∩ VB is a trivial cobordism, i.e. VA ∩ VB ≈ (UA ∩UB)× [0, 1]. In
particular,
Hk(VA ∩ VB, UA ∩UB) = 0
for all k ∈ Z. Consequently,
Hk(MT , ∂
−MT ) ∼= Hk(VA, UA)⊕Hk(VB, UB)
for all k ∈ Z. Since the pairs (VA, UA) and (VB, UB) are homeomorphic,
the following holds
(∀k ∈ Z) dimHk(MT , ∂−MT ) = 2dimHk(VA, UA).
Therefore,
(∀k ∈ Z) dimHFk(εh) = dimHk+n(VA, UA).
Step 7. In this step, we prove that the pair (VA, UA) is homeomorphic to
the pair (W,Σ+). The boundary of VA consists of parts of the submanifolds
Σ× {0} ⊂ Σ×R ⊂M, F−1(L), and F−1(K).These parts belong to Σ×R ⊂M.
Since
d
ds
(
Reχ(s)εh(y)
)
= εReχ(s)χ′(s)h(y) 6= 0
for s 6= 0, the boundary of VA can be seen as the graph in Σ × (−∞, 0]
of a continuous (in fact, a piecewise-smooth) function. Using Lemma 4.2
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below, one can prove that there exists a homeomorphism VA → WA that
mapsUA to F−1([L,+∞))∩∂WA. Since there are no critical points of F|∂WA
in F−1([K, L]), the pair (
WA, ∂WA ∩ F
−1([L,+∞)))
is homeomorphic (in fact, diffeomorphic) to the pair (WA, ∂WA ∩ {F > 0}).
Consequently, the pair (VA, UA) is homeomorphic to the pair (W, {h > 0}).
Hence
H∗(VA, UA) ∼= H∗(W, {h > 0})
∼= H∗(W, {h > 0})
= H∗(W,Σ
+).
Lemma 4.2. Let X be a compact topological space, let ε ∈ R+ be a positive real
number, and let f : X → [0,+∞) be a continuous function. Then, there exists a
homeomorphism
h : X× [0,+∞)→ {(x, r) ∈ X× [0,+∞) | r > f(x)}
such that h(x, 0) = (x, f(x)) for all x ∈ X, and such that h(x, r) = (x, r) if
r > f(x) + ε.
Proof. Denote
Y := {(x, r) ∈ X× [0,+∞) | r > f(x)} .
A homeomorphism satisfying the conditions of the lemma can be con-
structed explicitly as follows. Let
h(x, r) :=
{ (
x, f(x) + r · ε
f(x)+ε
)
for r ∈ [0, f(x) + ε]
(x, r) for r ∈ [f(x) + ε,+∞).
The function h : X × [0,+∞) → Y is well defined and continuous. The
function
(y, s) 7→
{ (
y, (s− f(y)) · f(y)+ε
ε
)
for s ∈ [f(y), f(y) + ε]
(y, s) for s ∈ [f(y) + ε,+∞).
is a well-defined continuous function Y → X× [0,+∞), and it is inverse to
h. Hence h is a homeomorphism.
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5 Topologically asymmetric contact circle actions
and topology of transformation groups
Lemma 5.1. Let (W,λ) be a Liouville domain, and let β be a contact form on
Σ := ∂W. Then, there exists a Liouville form µ on W such that β = µ|Σ .
Moreover, if
Θλ : pi1ContΣ→ pi0 Sympc(W,dλ),
Θµ : pi1ContΣ→ pi0 Sympc(W,dµ)
are the homomorphisms from Section 2.3, and if η ∈ pi1ContΣ, then Θλ(η) = 0
if, and only if, Θµ(η) = 0.
Proof. Denote α := λ|Σ . Since α and β determine the same (cooriented)
contact structure on Σ, there exists a positive function f : Σ→ R+ such that
β = fα. Let V ⊂ Ŵ be the complement of the set{
(x, r) ∈ Σ× R+ ⊂ Ŵ | r > f(x)
}
.
Since the Liouville vector field Xλ (defined by λ = Xλydλ) is nowhere
vanishing in Σ × R+, and since it is transverse to both ∂V and ∂W, the
manifolds V and W are diffeomorphic. Denote by Ψ : W → V the dif-
feomorphism furnished by Xλ. For x ∈ ∂W, Ψ(x) = (x, f(x)). Hence, the
one-form µ := Ψ∗λ satisfies µ|Σ = β.
Letϕt : Σ→ Σ be a loop of contactomorphisms that represents the class
η, and letht : Σ→ R be the contact Hamiltonianwith respect to the contact
form α associated to ϕ. Then, the contact Hamiltonian of ϕ with respect
to β is equal to f · ht : Σ → R . Let Ht : Ŵ → R be a Hamiltonian that is
equal to r · ht on the complement of intV ∩ intW. Then, the Hamiltonian
Ht ◦ Ψ : W → R is equal to ρ · (f · ht) near the boundary, where ρ stands
for the cylindrical coordinate of the Liouville domain (W,µ). This implies
Θλ(η) =
[
φH1
]
∈ pi0 Sympc(W,dλ),
Θµ(η) =
[
φH◦Ψ1
]
=
[
Ψ−1 ◦ φH1 ◦ Ψ
]
∈ pi0 Sympc(W,dµ).
If Θλ(η) = 0, then there exists a symplectic isotopy φt : (W,dλ)→ (W,dλ)
relative to the boundary from the identity toφH1 .Without loss of generality,
wemayassume thatφt is compactly supported in int V∩intW (because one
can “push” any compactly supported isotopy in intV∩intW using the flow
of the Liouville vector field Xλ). Then, Ψ−1 ◦φt ◦Ψ is a symplectic isotopy
relative to the boundary in (W,dµ) from the identity toΨ−1◦φH1 ◦Ψ = φ
H◦Ψ
1 .
Hence, Θµ(η) = 0. The other direction can be proven similarly.
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Theorem 5.2. Let W be a Liouville domain such that c1(W) = 0, and let ϕt :
∂W → ∂W be a free contact circle action that is not topologically symmetric
with respect to W. Then, Θ([ϕt]) is a non-trivial symplectic mapping class in
pi0 Sympc(W).
Proof. Denote by λ the contact form on W, and by h : ∂W → R the con-
tact Hamiltonian of ϕt with respect to the contact form α := λ|∂W . By
Lemma 3.3 and Lemma 5.1, without loss of generality, wemay assume that
ϕt preserves the contact form α for all t.
Assume, by contradiction, that Θ([ϕt]) is a trivial symplectic mapping
class in pi0 Sympc(W). As explained in Section 2.3, Θ([ϕt]) is represented
by the time-one map, φH1 , of a Hamiltonian H : Ŵ → R that is equal
to r · h on the cylindrical end. (The Hamiltonian H can be chosen to be
autonomous.) The inclusion
Symp
c
(W,λ/d) →֒ Symp
c
(W)
is a homotopy equivalence [22, Lemma 3.3], and φH1 is an exact symplec-
tomorphism that is isotopic to the identity through symplectomorphisms
relative to the cylindrical end. Therefore, φH1 is isotopic to the identity
through exact symplectomorphisms relative to the cylindrical end. Since
every isotopy through exact symplectomorphisms is actually a Hamilto-
nian isotopy, there exists a Hamiltonian Gt : Ŵ → R that is equal to 0 on
the cylindrical end, and such that φG1 = φ
H
1 .
Denote F := H#G. Let ε ∈ (0, 1). The naturality isomorphism
N(F) : HF(ε · h)→ HF((ε− 1) · h)
iswell definedbecause Fgenerates a loopofHamiltoniandiffeomorphisms.
Hence, if c ∈ Z denotes the shift in grading,
dimHFk(ε · h) = dimHFk+c((ε− 1) · h),
for all k ∈ Z. Since the contact Hamiltonian h has no orbits of the period
in (0, ε) ∪ (0, 1− ε), Proposition 4.1 implies
dimHFk(ε · h) = dimHk+n(W,Σ+;Z2),
dimHFk+c((ε− 1) · h) = dimHk+c+n(W,Σ−;Z2),
for all k ∈ Z. Here,
Σ+ := {p ∈ Σ | h(x) > 0} ,
Σ− := {p ∈ Σ | h(x) < 0} .
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Therefore,
dimHk(W,Σ+;Z2) = dimHk+c(W,Σ−;Z2),
for all k ∈ Z. A generalization of the Lefschetz duality (Theorem 3.43. in
[12]) implies
Hk(W,Σ
−;Z2) ∼= H2n−k(W,Σ+;Z2),
for all k ∈ Z. Consequently,
dimHk(W,Σ+;Z2) = dimHk+c(W,Σ−;Z2)
= dimH2n−c−k(W,Σ+;Z2)
= dimHom (H2n−c−k(W,Σ+;Z2),Z2)
= dimH2n−c−k(W,Σ+;Z2),
for all k ∈ Z. This contradicts the assumption that ϕ is not topologically
symmetric.
Corollary 5.3. LetW be a Liouville domain such that c1(W) = 0, and let ϕt :
∂W → ∂W be a free contact circle action that is not topologically symmetric with
respect to W. Then, ϕt determines a non-trivial element [ϕt] ∈ pi1Cont(∂W).
In other words, the loop of contactomorphisms {ϕt} is not contractible.
Proof. Since Θ is a group homomorphism, the triviality of
[ϕt] ∈ pi1Cont(∂W)
implies the triviality of Θ ([ϕt]) ∈ pi0 Sympc(W), which contradicts Theo-
rem 5.2.
Remark 5.4. Theorem 5.2 andCorollary 5.3 hold also in the case c1(W) 6= 0.
However, one should then understand the notion of topological symmetry
in the following way. Let N be the minimal Chern number of W, and let
ϕt : ∂W → ∂W be a free contact circle action with the positive region
Σ+ ⊂ ∂W. Denote by aj, j ∈ Z2N the number
aj :=
∑
k≡j (mod2N)
dimHk(W,Σ+;Z2).
The contact circle action ϕ is topologically symmetric if there exists m ∈
Z2N such that ak = am−k, for all k ∈ Z2N.
Lemma5.5. Letϕt : S2n−1 → S2n−1 be a free contact circle action on the standard
sphere, let α be a contact form on S2n−1. Denote by Y the vector field of ϕt, and
by P the set
P :=
{
p ∈ S2n−1 | α(Y(p)) > 0
}
.
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Then, ϕt is topologically symmetric with respect to the standard symplectic ball,
B2n, if, and only if, there existsm ∈ Z such that
dim H˜m−k(P;Z2) = dim H˜k(P;Z2)
for all k ∈ Z. Here H˜ stands for the reduced singular homology.
Proof. Since B2n is contractible, from the long exact sequence for the re-
duced singular homology of the pair (B2n, P)we deduce
H˜k(P;Z2) ∼= Hk+1(B2n, P;Z2),
for all k ∈ Z. The contact Hamiltonian that generates ϕt is given by
h = −α(Y), and, therefore, the set P is the negative region of the contact
circle action ϕ in the sense of Definition 3.1. The topological symmetry of
ϕt with respect to B2n is equivalent to the existence ofm ∈ Z such that
dimHm−k(B2n, P;Z2) = dimHk(B2n, P;Z2),
for all k ∈ Z. Using the above mentioned isomorphism, this is further
equivalent to
dim H˜m−2−(k−1)(P;Z2) = dim H˜k−1(P;Z2),
for all k ∈ Z, which finishes the proof.
Theorem 5.6. For all n ∈ N, at least one of the following statements is true.
A There exists an exotic symplectomorphism of B2n (i.e. there exists a non-trivial
element of pi0 Sympc(B
2n)).
B Every free contact circle action on S2n−1 is topologically symmetric.
Proof. This is a direct consequence of Theorem 5.2.
6 Exotic contact structures onS3and contact circle
actions
Let B2n(ε) ⊂ R2n be the ball or radius ε that is centered at the origin
B
2n(ε) :=
{
(x, y) ∈ Rn×Rn | |x|
2
+ |y|
2
6 ε2
}
.
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Denote by dθ the standard volume form on the circle S1. The manifold
S1 × B2n(ε) together with the distribution
ker
(
dθ +
n∑
j=1
(xjdyj − yjdxj)
)
is a contact manifold. The rotations of the first coordinate give rise to a
contact circle action on S1 × B2n(ε)
ψt : S
1 × B2n(ε)→ S1 × B2n(ε),
ψt(a, b) =
(
e2pitia, b
)
.
The contact circle action ψt is a model for any free contact circle action in
a neighbourhood of its orbit that is transverse to the contact distribution.
Namely, given a free contact circle action ϕt : Σ→ Σ on a contact manifold
(Σ, ξ) and an orbit Γ = {ϕt(p) | t ∈ R} such that Γ is transverse to ξ, the
Darboux theorem [7] implies that there exist ε > 0 and a contact embedding
ι : S1 × B2n(ε)→ Σ
such thatψt = ι−1 ◦ϕt ◦ ι. The embedding ι does not preserve the coorien-
tation in general. If Γ is positively transverse to ξ (i.e. ∂tϕt(p) agrees with
the coorientation of ξ(ϕt(p)) for all t ∈ R), then the embedding ι preserves
the coorientation. If, on the other hand, Γ is negatively transverse to ξ,
then there exists a coorientation preserving contact embedding
j : S1 × B2n(ε)→ Σ
such that ψ−t = ψ−1t = j
−1 ◦ϕt ◦ j.
A curve Γ ⊂ Σ in a 3-dimensional contact manifold Σ that is transverse
to the contact distribution is a codimension-2 contact submanifold. Hence,
given two3-dimensional contactmanifoldsΣ1 , Σ2, andcurves Γ1 ⊂ Σ1, Γ2 ⊂
Σ2 that are transverse to the corresponding contact distributions, one can
construct the fibre connected sumΣ1 #
Γ1,Γ2
Σ2 ofΣ1 andΣ2 along Γ1 and Γ2 [10,
Section 7.4]. In particular, this applies when Γ1 and Γ2 are transverse orbits
of free circle actions on Σ1 and Σ2. In fact, if Γ1 and Γ2 are both positively
(or negatively) transverse to the corresponding contact distributions, it is
possible to define a natural free contact circle action on Σ1 #
Γ1,Γ2
Σ2. More
precisely, let ϕit : Σi → Σi, i = 1, 2, be two contact circle actions, and let
Γi :=
{
ϕit(pi) | t ∈ R
}
, i = 1, 2 be positively transverse orbits. As described
above, Γi has a neighbourhood in Σi that is contactomorphic to S1 × B2(ε)
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for some ε > 0 and for i = 1, 2. The fibre connected sum Σ1 #
Γ1,Γ2
Σ2 is
obtained by gluing Σ1 \ Γ1 and Σ2 \ Γ2 via the neck S1 × (−ε, ε)× S1 in the
following way. Let
f1 : S
1 × (−ε, 0)× S1 → S1 ×
(
B
2(ε) \ {0}
)
⊂ Σ1,
f2 : S
1 × (0, ε)× S1 → S1 ×
(
B
2(ε) \ {0}
)
⊂ Σ2
be the maps defined by
f1(a, s, b) := (a,−s · b),
f2(a, s, b) := (a, s · b).
Then,
Σ1 #
Γ1,Γ2
Σ2 :=
(
(Σ1 \ Γ1) ⊔
(
S1 × (−ε, ε)× S1
)
⊔ (Σ2 \ Γ2)
)
f1, f2
.
The contact circle action
(
ϕ1#ϕ2
)
t
: Σ1 #
Γ1,Γ2
Σ2 → Σ1 #
Γ1,Γ2
Σ2 is defined by
(
ϕ1#ϕ2
)
t
(p) :=


ϕ1t(p) for p ∈ Σ1(
e2piit · a, s, b
)
for p = (a, s, b) ∈ S1 × (−ε, ε)× S1
ϕ2t(p) for p ∈ Σ2.
If the actions ϕ1 and ϕ2 are free, then ϕ1#ϕ2 is free as well.
Theorem 6.1. Let S3 be the standard contact sphere, and let Γ := {(e2piit, 0) | t ∈
R}. Then, the fibered connected sum of the sphere S3 with itself along Γ is an exotic
contact sphere (i.e. it is diffeomorphic but not contactomorphic to the standard
contact sphere).
Proof. Let ϕt : S3 → S3 be the free contact circle action on S3 given by
ϕt(z1, z2) :=
(
e2piit · z1, e
−2piit · z2
)
.
Denote by α the standard contact form on S3 and by Y the vector field on
S3 that generates ϕt. Since
α(Y(z1, z2)) = 2pi · (|z1|
2
− |z2|
2
),
the set {(z1, z2) ∈ S3 | α(Y(z1, z2)) = 0} splits the sphere into two solid tori.
Hence the negative part, N, of the contact circle action (ϕ#ϕ)t : S3 #
Γ,Γ
S3 →
S3 #
Γ,Γ
S3 is homeomorphic to the disjoint union of two solid tori. Since the
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disjoint union of two solid tori is homotopy equivalent to the disjoint union
of two circles, the reduced homology groups of N are equal to
H˜k(N;Z2) ∼=


Z2 if k = 0,
Z2 ⊕ Z2 if k = 1,
0 otherwise.
In particular, there does not existm ∈ Z such that
dim H˜m−k(N;Z2) = dim H˜k(N;Z2)
for all k ∈ Z. Therefore, if S3 #
Γ,Γ
S3 were fillable by the standard symplectic
ball B4, the group pi0 Sympc B
4would be nontrivial, and this is not the case
[11]. Hence S3 #
Γ,Γ
S3 cannot be contactomorphic to the standard contact
sphere.
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